The conventional dependency ratio based on cohort-invariant cutoff points could overstate the true burden of population aging. Using optimal cohort-varying years of schooling and retirement age in a life-cycle model, we propose a modified definition of dependency ratio. We compare the proposed economic-demographic dependency ratio (EDDR) with the conventional definition, and find that the conventional dependency ratio of the United States is projected to increase by 0.105 from 2010 to 2060, which is an over-projection of 86% when compared to the projected increase of 0.015 in the EDDR over the same period. Sensitivity analysis suggests that our finding is quite robust to reasonable changes in parameter values (except for one parameter), and the magnitude of over-projection ranges mainly from 0.079 to 0.102 (i.e., 75% to 97%). We follow the well-established Lee-Carter model to forecast stochastic mortality, and employ the method of expanding duration to decompose the sources of over-projection.
Introduction
One of the statistics most commonly used to measure population aging is the dependency ratio. 1 Total dependency ratio, as well as its components (child and old-age dependency ratios), of U.S.A. from 2010 to 2060, are shown in Figure 1 . 2 It is observed that total dependency ratio increases from 0.67 to 0.87 in 50 years, 3 meaning that 100 working people in 2060 will have to support 20 more young or old people, as compared to those in 2010.
[Insert Figure 1 here.]
Because of substantial fertility and mortality reductions anticipated in the coming decades for most advanced countries, it is not surprising that the dependency ratios, when defined in the conventional way, exhibit huge changes. However, do changes in these statistics represent accurately the changing trend of dependency of "resource consumers" upon "resource producers"? An implicit assumption of the conventional dependency ratio is that a person is considered as young (and needing resource support) before age 20, and as elderly (and needing resource support too) after 65. We think that the cohort-invariant cutoff points in the conventional definition need to be examined carefully. While it may be reasonable to assume that people between aged 20 and 65 in a particular year (say, 1950) are resource producers and those outside this range are resource dependents, it is less clear that the same cutoff points also lead to an accurate description of economic resource dependency at a different point of time (say, 50 years later), when people generally live longer and healthier.
Researchers from various academic disciplines have pointed out that the conventional definition of dependency ratio may need refinement in the presence of substantial demographic changes. Some researchers, such as Sander- 1 The total dependency ratio is usually defined as the sum of the number of persons under a particular (young) age (e.g., 20 ) and those over another (old) age (e.g., 65), divided by the population between these two ages. The cutoff points of 20 and 65 have been used by the United Nations (UN). Other cutoff points are also commonly used. For example, the UN (http://esa.un.org/unpd/wpp/Excel-Data/population.htm) publishes 5 dependency ratio series with various combination of cutoff points, and the U.S. Census Bureau (https://www.census.gov/population/projections/files/summary/NP2014-T6.xls) uses 18 and 65 to define the dependency ratio. Sanderson and Scherbov (2015) provide a brief history of dependency ratios. 2 A description of the sources of data used in this paper is given in Appendix A. 3 One component-the old-age dependency ratio-increases rapidly from 0.22 in 2010 to a projected level of 0.37 in 2030, and then rises gradually to 0.42 in 2060. Another component-the child dependency ratio-remains more or less unchanged during this period. Lutz et al. (2008) , argue that several demographic measures, including the median age and the dependency ratios, are based on years since birth (i.e., chronological age) only. To improve on these purely backward-looking measures, they propose forward-looking demographic concepts (such as the prospective old-age dependency ratio (POADR)) to adjust for life expectancy increase. 4 They also show that from 2005-10 to 2045-50, the POADR increases less rapidly (by 54%, from 0.13 to 0.20) than the conventional old-age dependency ratio (by 81%, from 0.21 to 0.38) in U.S. A. While the forward-looking POADR may represent a useful alternative to the conventional measure, we suggest in this paper that the purely demographic definition could be improved further by incorporating appropriate economic ingredients. In the current context of facing rapid population aging, possible responses in important economic variables such as age of retirement (Bloom et al., 2007 ; d' Albis et al., 2012) and years of schooling (Hazan, 2009; Cervellati and Sunde, 2013) are not incorporated in the conventional definition of dependency ratio, as well as the modified definition suggested in Sanderson and Scherbov (2010) . This paper proposes a modified definition of dependency ratio, to be called the "economic-demographic dependency ratio" (EDDR). Similar to POADR, it has the forward-looking dimension, but instead of using a purely demographic definition, the forward-looking element in our proposed definition is based on behavioral response guided by a well-articulated economic model.
son and Scherbov (2005) and
Our proposed definition of EDDR is based on a life-cycle model with schooling and retirement choices. We first obtain the first-order conditions characterizing the behavior of individuals from different cohorts. We then perform computational analysis and find that optimal years of schooling and age of retirement increase over time in this model. Using the well-known method of mortality forecasting by Lee and Carter (1992) and ignoring immigration for easy comparison, we find that the EDDR increases by 0.015 from 2010 to 2060 in U.S.A. We compare our results with the conventional dependency ratio, also without immigration, 5 and find that the conventional dependency ratio increases by 0.105 during this period, implying that it overprojects by 0.09 (or 86%) when compared with the EDDR. We conduct sensitivity analysis and find that out of the increase of 0.105 in conventional 4 According to Scherbov (2010, p. 1287) , POADR is defined as "the number of people in age groups with life expectancies of 15 or fewer years, divided by the number of people at least 20 years old in age groups with life expectancies greater than 15 years." 5 The various conventional dependency ratio series (without immigration) from 2010 to 2060 are also shown in Figure 1. dependency ratio from 2010 to 2060, 0.079 to 0.102 are likely due to overprojection because the conventional dependency ratio does not incorporate behavioral response to demographic changes. In summary, our analysis suggests that if individuals respond to population aging by adjusting schooling and retirement behavior according to the life-cycle model, then the conventional dependency ratio (which does not reflect these behavioral changes) may over-project the impact of population aging in the next few decades.
Besides the EDDR suggested in this paper, alternative definitions of dependency ratio have been proposed in the literature. A detailed discussion of the various approaches can be found in Sanderson and Scherbov (2015) and Loichinger et al. (2017) . We highlight two related approaches using economic concepts to modify the conventional dependency ratio. First, the concept "economic dependency ratio" has been used in official publications such as the Monthly Labor Review. It incorporates both extensive and intensive margins of labor force participation (Sanderson and Scherbov, 2015 , pp. 692-4; Loichinger et al., 2017, Section 2.2). Second, the National Transfer Accounts (NTA) economic support ratio has also been widely used (Sanderson and Scherbov, 2015, pp. 694-8; Loichinger et al., 2017, Section 2.3). This approach focuses on transfer of resources across generations and to and from the government, and is based on the results developed in the NTA project (Lee and Mason, 2011; Lee and Mason, 2013) . While these two approaches and the EDDR share similarities in that they are mainly based on economic concepts, there are also differences among them. In particular, the EDDR is different from these two approaches in at least two aspects: our proposed definition is more explicitly based on a simple but well-articulated economic model, and our choices of the underlying ingredients of the model are as transparent and easily replicable as possible. We will elaborate on these points in the Conclusion, after presenting our method and results. This paper is organized as follows. In Section 2 we introduce the economic model and describe how the EDDR is constructed. We conduct quantitative analysis on the EDDR from 2010 to 2060 in Section 3, and compare it with the conventional definition in Section 4. We perform sensitivity analysis in Section 5. Concluding remarks are offered in Section 6.
A new definition of dependency ratio
The conventional dependency ratio, which is based on cohort-invariant cutoff points and does not include changes in behavior, may not capture the impact of population aging accurately. We aim to provide an improved definition by incorporating behavioral response. To contrast the proposed behaviorally-based definition with the conventional dependency ratio as sharply as possible, we make two simplifications in the following analysis. First, we focus on the extensive margin, but not the intensive margin, of labor supply. We think that the simple and transparent features of the conventional definition are advantages that should be preserved as much as possible in the new definition. Thus, we aim to develop an alternative definition with the possibility of cohort-varying cutoff points, while keeping other aspects of the original definition, especially that the underlying age-specific labor force participation rate is either 0 or 1, unchanged. 6 To achieve this feature, we consider an economic model with individual's birth year as the only source of heterogeneity, and focus on two key life-cycle decisions: schooling versus entering the job market, and continuing working versus retiring. Second, we consider an environment without immigration and only focus on fertility and mortality factors. While it is possible to extend our definition to incorporate immigration data, we decide not to consider this factor because the key difference between the two definitions of dependency ratio does not depend on whether immigration is present or not.
Schooling and retirement choices
We consider a continuous-time life-cycle model with uncertain lifetime. We keep as many standard features as possible in the model. An individual chooses her consumption path (up to Ω, the maximum biological age), years of schooling and age of retirement. The lifespan uncertainty of cohort-b individuals is represented by a general survival function e l b (x), where e l b (x) is the probability that a cohort-b individual survives up to at least age x. The survival function, which is allowed to be cohort-specific, reflects the trend of mortality decline.
It is assumed in this model that individuals make economic decisions starting from age M. For the theoretical analysis, it is helpful to focus on "adult age" (i.e., age measuring from age M). Conditional on reaching age M, the probability that a cohort-b individual survives up to at least age x (i.e. actual age M + x) is denoted by l b (x), where x ∈ [0, Ω − M]. 7 This conditional probability, defined on adult age, is related to the original survival function e l b (x), defined on actual age, according to
We assume that schooling and labor supply choices are indivisible, and that the progression from schooling to working and then to retirement are irreversible. These assumptions, which have been used by many researchers such as Kalemli-Ozcan et al. (2000), Hazan (2009) , and Sánchez-Romero et al. (2016) , will generate the resulting EDDR in a form similar to that of the conventional dependency ratio, except for the cohort-invariant cutoff points.
In this environment, an individual chooses a consumption path, years of schooling (S) and age of retirement (R) to maximize expected lifetime utility
and boundary conditions a (0) = 0, a (Ω − M) ≥ 0, where ρ is the discount rate, σ is the coefficient of intertemporal elasticity of substitution, θ is a parameter capturing the utility from leisure during retirement, r is the constant real interest rate, ξ b is the index of productivity level of a cohort-b individual, h (S) is the human capital level of the individual, c (x) is consumption at age x, a (x) is financial wealth at age x, a 0 (x) is the derivative of a (x) with respect to x, and
where
is the instantaneous mortality rate at age q. We assume that ρ ≥ 0, r ≥ 0, 0 < σ < 1, and θ > 0.
Unlike the disutility of labor specification used in many life-cycle models with endogenous age of retirement (such as Hazan, 2009 ; d'Albis et al., 2012; Bloom et al., 2014), we follow Manuelli et al. (2012) to assume that the form of instantaneous utility function (2) in the retirement phase is different from that during the schooling and working phases, so as to capture the drop in consumption level at retirement.
According to the budget constraint (3), when an individual works (after studying for S years), her wage rate is given by ξ b h (S). One may think of this specification as consisting of three components: depending on (a) an index ξ b capturing the changing level of productivity of different cohorts, with a person from more recent cohort benefiting from a higher value of ξ b , (b) one's level of human capital h (S), and (c) the compensation to raw labor, which is normalized to be 1. Following the idea in the literature (such as Ben-Porath, 1967; Hazan, 2009; Cervellati and Sunde, 2013), we assume that schooling has a productivity-enhancing role and the return to schooling,
, is positive but decreasing in S.
The above specification reflects that the agent has no bequest motive and a perfect annuity market exists to fully insure against mortality risk, similar to Yaari (1965) . Therefore, at each age x, the agent can lend or borrow in a perfect financial market with effective (instantaneous) rate of return r + μ b (x).
The individual's various choices are obtained as follows. (See Appendix B for detailed analysis.) First, conditional on a particular length of the schooling period and age of retirement, we obtain the optimal consumption choice of a cohort-b individual at age x, defined as c b (x, S, R). It can be shown that the (conditional) optimal consumption path is characterized by
where the initial consumption level, c b (0, S, R), is given by
(6) Second, after substituting the optimal consumption path (5) into the objective function, we obtain the first-order conditions for interior optimal 6 years of schooling (S * b ) and age of retirement (R *
and
The first-order condition for optimal years of schooling is interpreted as follows. The left-hand side of (7) is the marginal benefit of continuing to study, which is measured by the expected present discounted value (PDV) of the increases in labor income throughout the working years from age S * b to age R * b , due to more years of schooling (and thus, higher level of human capital). The right-hand side of (7) is the marginal cost (the expected PDV of foregone labor income at age S * b ) of postponing entry into the labor market. The first-order condition for optimal age of retirement is more complicated for the life-cycle model with utility jump at retirement. The right-hand side of (8) is the marginal cost of delaying retirement. As seen from (A7b) in Appendix B, this cost is measured by the "utility jump at retirement" term, since the utility level at age R * b decreases when age of retirement increases (by an infinitesimal amount). On the other hand, the left-hand side of (8) is the marginal benefit of delaying retirement. By delaying retirement, one's labor income increases, but the consumption level (at R * b ) is also higher (than the corresponding level if one retires). Thus, the marginal benefit (in monetary unit) is given by the difference of these two terms. After converting these two terms in monetary unit into utility level through multiplying by
σ , the marginal utility of consumption at age 0, we obtain the marginal benefit of delaying retirement on the left-hand side of (8) .
Under the assumption of a constant-intertemporal-elasticity-of-substitution (CIES) utility function (for both pre-and post-retirement phases) in (2), the first-order condition for retirement can be further simplified. Specifically, after substituting (5) and (6) into (8), we obtain
and it is clear that ξ b does not appear in (8a). We also observe that ξ b appears in both the left-and right-hand sides of (7), and can be cancelled out. Therefore, it can be concluded that the productivity level ξ b affects neither the first-order condition for years of schooling (S * b ) nor that for age of retirement (R * b ) in this economy. 9 
Dependency ratios based on the life-cycle model
The proposed economic-demographic dependency ratios are based on S * b and R * b of the life-cycle model discussed in the previous sub-section. Since the conventional dependency ratios are expressed in actual age, for easy comparison, we now convert relevant variables back to actual age (from adult age in the theoretical model).
For cohort-b individuals, define the working phase as between age S * b + M to age R * b + M, the pre-working phase as between age 0 to age S * b + M, and the post-retirement phase as between age R * b + M to age Ω. Based on this classification, define the following indicator functions for an individual born at time b and currently aged t − b:
The number of working-age persons at time t is given by
where B (b) is the number of births at time b. Similarly, the number of pre-working persons at time t is given by
and the number of post-retirement persons at time t is given by
Based on (12) to (14), we define the pre-working dependency ratio as
and the post-retirement dependency ratio as
Finally, the total dependency ratio is simply the sum of these two ratios:
2.3 Utility jump at retirement versus disutility of labor specifications
In the life-cycle model described above, we use the utility jump at retirement specification (as in , 2016) . In this section, we compare these two specifications. In particular, we point out a different implication between them, which explains why we choose the utility jump at retirement specification in this paper. These two specifications represent different ways to motivate the retirement behavior. In considering whether to retire or not at a particular age, a benefit of extending the working duration is the labor income earned. If there is no cost in continuing to work, then an individual will always extend the working duration. The presence of the cost is to rationalize why people do not usually work until death. The disutility of labor approach captures the cost as a disutility term if one works, and usually this function is assumed to be non-decreasing in age. The utility jump at retirement specification captures the cost in a different way by assuming that the individual's utility derived from consumption (at an unchanged level) is lower when one works than when one is retired.
To see the different implications of these two specifications in the lifecycle model, we examine the first-order condition of retirement. For existing life-cycle models adopting the disutility of labor specification, the marginal cost of delaying retirement is given by the disutility of labor, as in Bloom et al. (2014) or Sánchez-Romero et al. (2016) . 10 For the utility jump at retirement specification, the first-order condition is given by (8) above. The marginal cost of delaying retirement is now captured by the "utility jump at retirement". Moreover, this specification leads to an extra "consumption drop at retirement" term in the marginal benefit.
11
Consider the effect of changing only the productivity level (ξ b ), holding other factors such as the pace of mortality decline unchanged. For the life-cycle model with disutility of labor specification, the marginal benefit of delaying retirement is monotonically decreasing in productivity level when σ < 1, but the marginal cost is independent of it. In an economic environment with both mortality decline and productivity increase (which is sometimes further assumed to have a constant growth rate), when the growth rate of productivity is above some threshold level (and thus, the productivity increase effect dominates), optimal age of retirement will be decreasing over cohorts eventually, as in Bloom et al. (2014) . 12 On the other hand, for the life-cycle model with utility jump at retirement specification, we show in (8a) that optimal age of retirement is independent of productivity level even when σ < 1, because the productivity level affects marginal benefit and marginal cost equally. 10 In either (14) of Bloom et al. (2014) or (9) of Sánchez-Romero et al. (2016) , the marginal cost of delaying retirement, given by the respective right-hand side term, is expressed in level of disutility. Note that the disutility of labor term in Bloom et al. (2014) is measured at the time when the agent retires, but it is discounted back to age 0 in Sánchez-Romero et al. (2016) . 11 As seen from (A7a), the marginal benefit of delaying retirement can be measured by the effects on lifetime utility through changes of the consumption path from age 0 to R * b , and from age R * b to Ω − M . After substituting into (A5), the derivative of lifetime budget constraint equation with respect to age of retirement, these effects of a delay in retirement on life-time resource can be expressed as the difference of a term related to a change in lifetime labor income and a "consumption drop at retirement" term. 12 This prediction holds for σ < 1 but disappears if σ = 1. 13 As seen from the above analysis, two key assumptions-utility jump in retirement and the power utility function-lead to the above result. Under the CIES utility function (with the utility level given by consumption raised to a power depending on σ), the righthand side of (8), which captures the difference in utility level, is expressed in the unit of In the proposed definition of EDDR, we assume that the birth year is the only source of heterogeneity, as in the conventional dependency ratio and the forward-looking demographic definition. Under this assumption, individuals born at different years face two major differences: cohort-specific survival function as well as cohort-specific productivity level, both showing substantial changes during the last century. If the proposed EDDR is based on the model with the disutility of labor specification, then it implies that when either the growth rate of productivity is high enough or the extent of mortality decline gradually become less significant, the optimal age of retirement will decrease over cohorts. Thus, the post-retirement dependency ratio will be increasing rapidly over time, and in fact increasing even more rapidly than under the conventional dependency ratio. Since this prediction is implied by the disutility of labor specification, but not determined by the data, this may pose a problem in measuring resource dependency for advanced countries with increasing productivity and wealth. On the other hand, the utility jump at retirement specification does not suffer from this limitation. Because of this feature, we choose the utility jump at retirement specification in our proposed definition of EDDR.
Quantitative analysis: The baseline case
Based on the theoretical model in the previous section, we now perform quantitative analysis. We aim to conduct an objective and transparent analysis. As far as possible, the specifications in our analysis are those commonly used in the literature.
There are demographic and economic elements in our proposed method. We first discuss the survival probabilities in Section 3.1. Based on the survival probabilities and the theoretical model in Section 2, we calculate cohortspecific optimal choices of S * b and R * b in Section 3.2. We then aggregate these cohort-specific choices to obtain the cross-sectional economic-demographic dependency ratios from 2010 to 2060 in Section 3.3.
On the left-hand side of (8), we observe that the marginal utility, which is expressed in the unit of
σ , is present. Moreover, we find that consumption at age 0 varies linearly with wage income ξ b h (S * b ); see (6) . As a result, the two terms on the left-hand side of (8) 
Survival probabilities of different cohorts
Since our objective is to construct the EDDR from 2010 to 2060, the above framework requires survival functions for every cohort from 1900 to 2060 continuously, under the assumption that the maximum biological age (Ω) is 110. On the other hand, we have only annual data of age-specific survival probabilities (from the Berkeley Mortality Database) from 1900 to 2000. To fill the missing data, we use the well-established model suggested by Lee and Carter (1992) to forecast the survival probabilities of different cohorts. 15 In essence, the Lee-Carter approach is based on a log-additive model comprising a fixed age component and a time component to model the mortality rates in logarithmic scale. This parsimonious demographic model has been successively applied to the G7 and other countries to forecast life expectancy at birth; see Tuljapurkar et al. (2000) and Booth et al. (2006) . A brief description of the Lee-Carter method is given in Appendix C. Figure 2A presents plots of the observed and estimated values of survival functions for various U.S. cohorts (males and females combined) in years 1900, 1950, 2000 and 2060. The solid lines denote the actual survival probabilities obtained from life tables, and the dotted lines estimates of the survival probabilities by the Lee-Carter model. As seen from these plots, the fitted curves are reasonably close to the actual observations, especially for cohorts after 1950. The survival distribution for year 1900 lies right at the bottom, with the other three distributions shifting upward to the right side over each period of either 50 or 60 years. These upward shifts in the survival distributions imply substantial improvements in survival probability at all ages, with more prominent increments from 1900 to 1950 than those from 1950 to We use the Lee and Carter (1992) method to extend the survival data to 2060. On the other hand, since we assume the maximum biological age (Ω) is 110, we choose 2010 (i.e., 1900 + 110) as the starting year for the analysis of the dependency ratio. Note also that we simplify by considering the survival data up to age 110 (instead of 120 in the original data set), because the survival probabilities for persons aged above 110 are very close to 0. 15 We assume that the survival probabilities of different cohorts are determined exogenously, following similar approach in many papers in the literature, such as Bloom et al. 2012) and Cervellati and Sunde (2013) . This assumption is also consistent with the conventional definition of dependency ratios, and enables us to focus on the roles of cohort-invariant versus cohort-varying years of schooling and retirement age. A consequence of this assumption is that the possible feedback from schooling to survival probabilities is ignored. Recent evidence suggest that these differences among various socioeconomic groups have increased in many countries. It is interesting to investigate this feedback effect in future work, which requires modifying the basic life-cycle model to incorporate more sources of heterogeneity. We are grateful to a referee for suggesting the study of the feedback from schooling to survival probabilities.
2000. Such improvements are also captured by the steadily falling mortality level (k t , defined in Appendix C) and rising life expectancy at birth over the period under study, which are displayed in Figures 2B and 2C respectively.
[Insert Figure 2 here.]
Cohort-specific schooling and retirement choices
To calculate S * b and R * b for different cohorts from 1900 to 2060 with fitted survival probabilities from the Lee-Carter method, we need to specify the human capital function, together with other parameter values of the model. For the human capital function, we assume that
where γ > 0 and 0 < λ ≤ 1. This functional form is consistent with those in the literature, such as Cervellati and Sunde (2013) and Cai and Lau (2017) . According to this specification, the rate of return to schooling is
which is a decreasing function in S when λ is strictly less than 1.
The parameter values in the baseline model are chosen to match those in the literature as far as possible. (We will also use other parameter values in the sensitivity analysis in Section 5.) In particular, we choose ρ = 0.02 and r = 0.05, following Barro et al. (1995) . We also assume that M = 10, following Boucekkine et al. (2003) .
The values of free parameters γ and λ in the human capital function (18), together with σ and θ, are chosen according to the following procedure. We use the non-linear least squares method to choose γ and λ, after imposing two restrictions: (a) the optimal age of retirement of the 1950 cohort is
and (b) the percentage drop of consumption at retirement is 15%. 17 According to (5), the latter condition implies
Under these two restrictions and other parameter values, we choose γ and λ to minimize the sum of squared residuals (SSR) is the years of schooling data from Goldin and Katz (2008) . 18 We focus on the 76 observations, from 1900 to 1975, covered in both the Berkeley Mortality Database and Goldin and Katz (2008) . Specifically, our search method allows that γ ranges from 0 to 10, and λ ranges from 0 to 1. For each pairs of (γ, λ) in these selected ranges, we first use (7), (8a), (20) , (21) , and the fitted survival probabilities at 1950 to calculate σ (γ, λ) and θ (γ, λ). We then use (7) and (8a) to obtain the paths of R *
The corresponding values of SSR and root mean squared error (RMSE) according to (22) can also be obtained.
Using the above procedure, the least-squares estimates are found to be Table 1 . In particular, it is noted that the estimated value of the curvature parameter (λ) in human capital function is 0.913, with the rate of return to schooling mildly decreasing over the relevant range [Insert Table 1 here.]
The path of years of schooling for different cohorts from 1900 to 2040 and the path of age of retirement from 1900 to 1990 are plotted in Figures 3A and  3B , respectively. In particular, it is observed that over the years from 1900 to 1975, the fitted years of schooling, which are obtained from minimizing the sum of squared residuals according to equation (22) , match reasonably well with the actual years of schooling data by Goldin and Katz (2008) . The computed RMSE is 0.196 years, which is relatively small by the conventional standard.
[Insert Figure 3 here.]
As observed in Figure 3 , both years of schooling and age of retirement increase during the whole period under study. Moreover, the rate of change slows down from the post-WW2 period onwards. For age of retirement, it increases by 7.17 years (from 56.92 to 64.09) from the 1900 cohort to the 1940 cohort, but it only increases by 4.62 years (from 66 to 70.62) from the 1950 cohort to the 1990 cohort. 19 Similarly, the optimal years of schooling increases by 3.17 years (from 9.05 to 12.22) from the 1900 cohort to the 1940 cohort. The trend growth rate slows down, with years of schooling increasing by 2.1 years (from 13.09 to 15.19) from the 1950 cohort to the 1990 cohort and by 2.02 years (from 15.63 to 17.65) from the 2000 cohort to the 2040 cohort. In summary, our computational analysis using the U.S. data indicates that years of schooling and age of retirement move in the same direction in response to mortality decline, and the magnitude of the changes slows down after WW2 during which the magnitude of mortality decline also diminished.
Total dependency ratio and its components: Crosssectional summation of cohort-specific choices
In order to compute the pre-working, post-retirement and total dependency ratios, we need to use the population data at a given year t, which consists of all surviving persons from the cohort starting at year t − Ω to the cohort ending at year t. [Insert Figure 4 here.]
We now turn to the computation of pre-working and post-retirement dependency ratios as specified in equations (15) and (16) . We conduct the exercise under the assumption of no immigration. The common denominator of these ratios represents the working-age population at year t. It consists of the sum of surviving workers with ages right after the optimal years of schooling and before the optimal age of retirement, whom we can identify by checking the range of the cohort-varying years of schooling and the cohortvarying age of retirement for each cohort stretching from year t − Ω to year t. The number of pre-working survivors at year t consists of those who are at ages of pre-schooling and schooling for each cohort. Similarly the number of surviving persons in the post-retirement era comprises those who are beyond the optimal retirement ages over the cohorts under study. Plots of the EDDR and its components from 2010 to 2060 are displayed in Figure 5A ; the underlying pre-working, post-retirement and working-age populations are displayed in Figure 5B .
[Insert Figure 5 here.]
As can be gleaned from these plots, the post-retirement dependency ratio starts from 0.23 in 2010, increasing steadily to 0.31 in 2033 and then declining slowly to 0.24 in 2060. The peak of 0.31 around year 2033 can be explained by the effect of baby boom cohorts on the age structure of the U.S. population. As the baby boomers of 1946 cohort begin to turn to retirement age, which is around 65 according to Figure 3B , it increases the share of the population in the post-retirement group in year 2011. Such an effect will continue for about 20 years, reaching the peak of 0.31 by 2033, and then declining to 0.25 in 2050 when most of the baby boomers reach the oldest-old group. 20 On the other hand, the baby boom cohorts mainly affect the size of the pre-working group up to mid-1980s, and thus, the path of the pre-working dependency ratio fluctuates less for the period of 2010 to 2060. It hovers around 0.56 20 A further investigation of Figure 5B suggests that N P oR is above trend from 2020 to 2045, whereas N W A is slightly below trend during this period. As a result, EDDR P oR is above trend in this period. The path of the EDDR, which is simply the sum of the pre-working and post-retirement dependency ratios, reflects the dependency of those in the pre-working and post-retirement groups relative to the size of the working-age population across cohorts. As can be seen from Figure 5A , the total dependency ratio begins with 0.79 in year 2010, increasing slowly until reaching its peak at 0.87 in 2033. It then declines steadily to 0.80 in 2060. We observe that the shape of the total dependency ratio is very similar to that of the post-retirement dependency ratio. This is not surprising as the path of pre-working dependency ratio does not change much. As a result, the long-term influence of the baby boomers on the post-retirement dependency ratio, through the age structure of the U.S. population, is also reflected in the path of the total dependency ratio, in an almost one-to-one fashion.
Comparison with the conventional definition
In this section, we compare the economic-demographic dependency ratios with the conventional dependency ratios, assuming no immigration in both cases. The conventional definition of the child dependency ratio is given by
and the old-age dependency ratio is given by
where N C (t), N A (t), N OA (t) represent, respectively, the number of child, adult and old-age population at year t, and other terms follow the same definitions as above. For a given year t, the child and the old-age dependency ratios are calculated according to the demographic distribution of all cohorts from year t − Ω to year t, with the adult population being all those who are between 20 and 65, the child population being all those below 20, and the old-age population being all those beyond 65. The terms DR C and DR OA in equations (23) and (24) are similar, but not identical, to EDDR P rW and EDDR P oR in (15) and (16) .
We now investigate any under-or over-projection of the conventional dependency ratios from 2010 to 2060, as compared with the behaviorally-based EDDR. First, we observe in Figure 6 that the conventional child dependency ratio (DR C ) under-projects EDDR P rW throughout the interval, with 4.5 percentage points in 2010 and then gradually increasing to about 6 to 7 percentage points after 2035. Second, the conventional old-age dependency ratio (DR OA ) is very close to but slightly lower than EDDR P oR in 2010, but starts to over-project over this period, with the extent of over-projection increasing to 11 percentage points in 2060. Combining these two results, the conventional total dependency ratio under-projects by about 5.0 percentage points in 2010, with the under-projection gap narrowing down steadily to zero in 2045 and over-projecting afterwards by about 4.0 percentage points in 2060. 21 [Insert Figure 6 here.]
Besides the above descriptive summary, a more in-depth comparison of the conventional and our proposed measures of dependency ratio, as well as an understanding of the underlying reasons of the above differences, are not straightforward. There are both short-and long-term changes in the conventional dependency ratios and economic-demographic dependency ratios, as discussed earlier in this section and in Section 3.3. Moreover, it is observed in Figure 6 that the initial levels (at year 2010) according to the two measures are different. Since our primary purpose is to study the effect on resource dependency of rapid population aging in the coming decades, we propose to (a) decompose the effect under investigation into two parts: due to initial level and due to the change from the initial period of 2010 to a subsequent period; 22 (b) downplay the difference in initial levels and focus mainly on the path of average growth rate of various component terms of the dependency ratio from 2010 to a subsequent year, 23 and (c) downplay the 21 In 2060, there is a severe under-projection gap of about 7 percentage points in DR C , but the over-projection gap of 11 percentage points in DR OA is even more severe. Combining them leads to the 4 percentage points over-projection gap for the conventional dependency ratio. 22 One motivation of this decomposition is the perception that while the level of the conventional dependency ratio depends on the cutoff points, its speed of change over a particular period may not be too sensitive to the cutoff points, provided that these points are chosen appropriately. Note that the distinction between the level and speed of change of population aging has also been mentioned in, for example, the study of "... future levels of indicators of ageing and the speed at which they change." (Lutz et al., 2008 , p. 716) 23 The growth rate of a ratio can be expressed as the difference of the growth rate of the numerator versus that of the denominator. The advantage of analyzing the growth rates of various component terms can be seen in Figures 7C and 7D. short-term movement, which is more likely to be affected by the size of the baby boom cohorts (1946 to 1964) and that of their children (the so-called echo boomers), and examine mainly the longer-term effect on the later period of the sample, say from 2040 to 2060.
We find it useful to use the method of expanding duration, which is similar to the idea of recursive (expanding window) estimates and forecasts in time series analysis (see, for example, Brown et al., 1975; Clark and West, 2007; Rapach et al., 2008) , to calculate the annualized growth rate of the component terms of a dependency ratio. Specifically, for each expanding duration starting from year 2010 to a future year t (which ranges from 2011 to 2060), we can compute the annualized growth rate (i.e., average growth rate) over a duration of (t − 2010) years. 24 As such, a path consisting of 50 average growth rates over the corresponding expanding durations can be computed accordingly. Such a path of recursive annualized growth rates provides information about their stability through the period of study.
As displayed in Figure 7A , the path of average growth rates of child population increases rapidly from -0.17% in 2011 to approximately 0.11% in 2025, thereafter growing very slowly to 0.18% in 2060. The path of average growth rates of adult population decreases rapidly from 0.67% in 2011 to 0.18% in 2025, thereafter bouncing back slightly to reach 0.28% in 2060. For the hump-shaped path of average growth rates of old-age population, it begins with 1.84% in 2011, increasing rapidly to 2.61% in 2014 and remaining relatively unchanged until 2028, thereafter declining gradually to 1.21% in 2060. 25 [Insert Figure 7 here.]
The paths of the average growth rates of component terms under the proposed approach can be observed in Figure 7B . Except for the first few years, the path of average growth rates of pre-working population is consistently flat and small in magnitude. It grows rapidly from 0.15% in 2011 to 0.30% 24 The annualized growth rate (expressed in percentage) of a variable x from year 2010 to year t is given by
in 2025, thereafter increasing relatively slowly to 0.38% in 2060. The path of average growth rates of working-age population decreases rapidly from 0.90% in 2011 to 0.30% in 2025, thereafter bouncing back gradually to reach 0.38% in 2060. Regarding the average growth rates of post-retirement population, it starts from 0.16% in 2011, increasing substantially to 1.93% in 2025 and then declining moderately to about 0.51% in 2060. We find it helpful to examine the growth rates of various ratios of the conventional and new definitions, given by (15) , (16), (23) and (24) . It is observed from Figure 7C that the growth rate of child dependency ratio, which is the difference of the growth rate of child population and that of the adult population, is always negative. Similarly, it is seen from Figure 7D that the growth rate of old-age dependency ratio is always positive. Therefore, the conventional child dependency ratio (resp. conventional old-age dependency ratio) in the future will be lower (resp. higher) than the initial level in year 2010. Moreover, the annualized growth rate (in absolute magnitude) of the old-age population is above 1% most of the time, which is much higher than that of the child population. The intuition of these patterns is that the age-specific mortality rates for children until around age 20 are already very low for advanced countries such as U.S.A., and there is not much room for further improvement. Continuous mortality decline in the coming decades will come from adults, and especially in old age. As a result of these demographic changes, adult population will grow faster than child population (see Figure 7C ), and old-age population grows even at a faster rate (see Figure  7D ). When the cutoff points of child and old age are unchanged, as in the conventional approach, the child dependency ratio will decrease but the oldage dependency ratio will increase more drastically in the coming decades. Combining the mildly declining child dependency ratio ( Figure 6B ), and the strongly increasing old-age dependency ratio ( Figure 6C ), it is concluded that the total dependency ratio will increase quite significantly ( Figure 6A ) according to the conventional definition.
We now compare the annualized growth rate of pre-working (or child) and post-retirement (or old-age) dependency ratios under the two approaches to investigate any over-or under-projection. As observed in Figure 7C , the growth rate of pre-working dependency ratio of our proposed approach is negative from 2011 to around 2025, and is around 0% afterwards. As a result, after 2025 when the effect due to fluctuating birth numbers from 1980s to 2000s becomes less important, there is no strong upward nor downward trend in EDDR P rW in the coming decades (see Figure 6B also), and the growth rate of pre-working dependency ratio is always higher than that of child dependency ratio, which is negative ( Figure 7C ). Compared with the proposed EDDR, conventional child dependency ratio under-projects from 20 2025 to 2060. On the other hand, it is observed in Figure 7D that the shape of the growth rate of post-retirement dependency ratio against year is somewhat similar to that of the conventional old-age dependency ratio, except that the growth rate of EDDR P oR is much lower (0.13% in 2060 versus 0.93% in 2060, for example) than that of the conventional old-age dependency ratio. Thus, the overall increase in EDDR P oR from 2010 to 2060 is much smaller than that in DR OA ( Figure 6C ). 26 Compared with the proposed EDDR, conventional old-age dependency ratio always over-projects from 2010 to 2060. Moreover, the difference of the two growth rate lines in Figure 7D is relatively large when compared with that in Figure 7C , implying that the magnitude of over-projection of the conventional old-age dependency ratio dominates that of under-projection of the conventional child dependency ratio.
In summary, the conventional total dependency ratio increases by 0.105 from 2010 to 2060, but the EDDR increases only by 0.015. 27 Relative to the EDDR, the conventional dependency ratio over-projects the effect of resource dependence due to population aging in these five decades by 0.09 (i.e., 86% of 0.105).
Over-projection of the conventional dependency ratio: Sensitivity analysis
In this section, we examine whether the result that the conventional dependency ratio over-projects the effect of population aging from 2010 to 2060 by 0.09 is sensitive or not to changes in the parameters of the baseline model. We consider 10 cases. In each case, we allow for deviation in one parameter from its value specified in the baseline model, while keeping values of all other parameters intact. The first sensitivity analysis we perform is to change the value of real interest rate from r = 5% to r = 4% (Case 1), and to r = 6% (Case 2). Second, we examine how our main results are sensitive with respect to the subjective discount rate when we change from ρ = 2% to ρ = 1.5% (Case 3), and to ρ = 2.5% (Case 4). Third, we consider different values of the age that agents begin making economic decisions. Instead of assuming M = 10, we analyze two cases: M = 8 (Case 5), and M = 12 (Case 6). Fourth, we change the percentage drop of consumption at retirement from 0.15 to 0.10 (Case 7), and to 0.20 (Case 8). Finally we conduct analysis on calibrating different ages of retirement according to the chosen 26 It is also observed that the growth rate of EDDR P oR is negative for a few years from 2011. However, this feature does not have any major long-term consequence. 27 These numbers can easily be found from Table 2 Table 2 tabulates quantitative results for the 10 cases of sensitivity analysis. Column 1 contains estimates of free parameters γ, λ, θ and σ. It is observed that their magnitudes are relatively close to the baseline case. In particular, λ ranges quite narrowly from 0.882 to 0.933, and σ ranges from 0.738 to 0.855, which are similar in magnitude to the values estimated by many researchers. 29 [Insert Table 2 here.] Column 2 reports RMSE for each of the 10 cases. It ranges from 0.176 to 0.246, indicating that the schooling years series computed are all reasonably close to the schooling data in Goldin and Katz (2008) . Columns 4 and 5 give estimates of the optimal years of schooling and age of retirement, respectively, of four selected cohorts, including 1900 in the beginning of the period under consideration, 1950 in the middle, and 1990 (with age of retirement only) and 2040 (with years of schooling only) towards the end. It is observed that the optimal years of schooling (ranging from 17.24 to 18.40 in 2040) and the optimal age of retirement (ranging from 70.20 to 71.50 in 1990) are quite robust to parameter changes which are within reasonable ranges. 30 We now turn to the dependency ratios. Column 7 of Table 2 reports the pre-retirement dependency ratios (EDDR P rW ) of the proposed method at years 2010 and 2060 respectively for the 10 cases of sensitivity analysis, and Column 8 reports the corresponding post-retirement dependency ratios (EDDR P oR ). The time paths of EDDR P rW and EDDR P oR are presented in Figures 8A and 8B . Generally speaking, there are two major observations for 28 As in the baseline case, they are chosen to be the same as the normal retirement ages of the corresponding cohorts published by the U.S. Social Security Administration (http://www.ssa.gov/retire2/retirechart.htm). 29 Estimates of intertemporal elasticity of substitution (σ) vary in the literature, and our estimates are consistent with many of them. For example, Attanasio and Weber (1993) estimate that σ is close to 0.8, using U.K. cohort data. Based on existing evidence of the labor supply elasticity, Chetty (2006) argues that there is a tight upper bound of 2 on the coefficient of relative risk aversion, which implies a lower bound of 0.5 for the intertemporal elasticity of substitution in models with time-separable utility. See Attanasio and Weber (2010) for more discussion on the estimates of this parameter. 30 The ranges of these two variables in 1900 and 1950 are even narrower, as seen in Table  2 . Note also that year 1990 (for R * ) and year 2040 (for S * ) are chosen because the relevant variables in years after these will not affect EDDR from 2010 to 2060. Note also that many cells in Table 2 are not filled to avoid repetitive information. each series. First, in all cases except Case 6 (M = 12), the path of EDDR P rW is relatively flat, hovering around 0.56 over the period 2010-2060. Second, the path of EDDR P rW for Case 6 looks somewhat like a "parallel" upward shift.
To isolate the effect of the initial level and speed of change of population aging during this period, we examine Figure 9A . We observe that the paths of the annualized growth rates of EDDR P rW are very close to 0 for years beyond 2025. 31 [Insert Figure 8 here.] [Insert Figure 9 here.] A similar, but slightly more diverse, pattern is observed for the postretirement dependency ratios. First, in all cases except Case 9 (R * 1945 = 66 − M), there is a hump shape in EDDR P oR , starting around 0.22 at year 2010, rising to around 0.30 in early 2030s, and then going down to somewhere between 0.23 to 0.25 at year 2060. Second, the path of EDDR P oR for Case 9 somewhat resembles a "parallel" downward shift. According to Figure 9B , the paths of the annualized growth rates of EDDR P oR are between 0.03% to 0.21% in year 2060. The range of variation of the annualized growth rates of EDDR P oR is larger than that of EDDR P rW (from -0.03% to 0.03%).
Finally we combine the above results to examine the total dependency ratio under the proposed approach. The entire paths of EDDR for all 10 cases over the period 2010-2060 are displayed in Figure 8C . It is observed that 9 out of the 10 paths of the total dependency ratios are close to that of the baseline case. The remaining path at the bottom of Figure 8C corresponds to Case 9 with R * 1950 = 66 − M, which is still reasonably close to the baseline path.
Columns 9 and 10 of Table 2 tabulate the dependency ratios of child (DR C ) and old-age (DR OA ) at years 2010 and 2060, and the difference of dependency ratios over the period 2010-2060. Column 11 reports the difference of the total dependency ratio under the conventional approach (DR) and the total dependency ratio under the economic-demographic approach (EDDR). For the baseline case, when compared to the projected increase by 0.015 in EDDR over the period 2010-2060, the conventional total dependency ratio over-projects the effect of population aging over the five decades by 0.09. For the 10 cases of sensitivity analysis, the change of DR − EDDR from 2010 to 2060 ranges from 0.074 to 0.110, with the lower bound of this difference corresponding to Case 3 (ρ = 1.5%), and the upper bound corresponding to Case 4 (ρ = 2.5%). Our findings indicate that the difference between DR and EDDR is quite sensitive to the subjective discount rate (ρ), but not to other parameters. When we ignore the two sensitive cases involving changes in ρ and only consider all other cases of parameter changes, the change of DR − EDDR from 2010 to 2060 ranges from 0.079 to 0.102. 32 Based on these 8 cases, we conclude that 75% to 97% of the 10.5 percentage point increase of the conventional dependency ratio in these five decades are likely to be caused by over-projection, because the conventional approach does not account for behavioral response to demographic changes. 33 
Conclusion
Facing demographic changes, people may respond by adjusting their schooling and retirement behavior. 34 The conventional definition of dependency ratio, which is based on cohort-invariant cutoff points and does not take into account these behavioral responses, is likely to measure the impact of population aging incorrectly, especially when its pace is rapid.
To improve on the conventional dependency ratio, we propose a behaviorallybased definition of dependency ratio, such that the cutoff points are based on a well-articulated economic model and may be cohort-varying. 35 On the 32 We have also experimented with ρ = 1% and ρ = 3%, besides Case 3 (ρ = 1.5%) and Case 4 (ρ = 2.5%). The computed values of EDDR for these cases deviate even more from its baseline value when ρ = 2%. For example, when ρ decreases to 1%, the corresponding DR − EDDR decreases from 0.091 to 0.063, which is a larger 31% reduction. And when ρ increases to 3%, the corresponding DR − EDDR rises from 0.091 to 0.139, which is an increase of even larger magnitude (53%). Since our major conclusions (specifically, the conclusion based on eight cases ignoring changes in ρ) do not depend on the values of ρ in the sensitivity analysis, we present the results for ρ = 1.5% and ρ = 2.5% in the main text to show that the results are quite sensitive even for the smaller changes in ρ. 33 There are economic and demographic elements in the baseline model. Since the key difference between the conventional and proposed definitions of dependency ratio is mainly due to the underlying economic behavior, we perform sensitivity analysis on economic, but not demographic, parameters. For broader questions such as whether resource dependence in the coming decades will be affected by demographic and/or policy changes, it is interesting to also focus on demographic elements. We leave these issues to future work. 34 People's possible response to population aging by adjusting schooling and retirement choices has also been pointed out in a recent paper by Vogel et al. (2017) . However, they focus on the welfare loss of population aging, whereas we focus on the over-projection of resource dependency by the conventional dependency ratio. 35 One can interpret that both the forward-looking demographic approach (e.g. Sanderson and Scherbov, 2010) and EDDR improve over the cohort-invariant cutoff points of conventional dependency ratio. Between these two modified definitions, the EDDR can further be regarded as an improvement over the forward-looking demographic approach other hand, we intend to keep other aspects of the conventional definition unchanged in our modified definition. We believe that this is a good strategy because of two reasons: (a) the conventional dependency ratio is transparent for projection, and this good quality should be kept, and (b) any different conclusions based on these two definitions will be due to cohort-invariant versus cohort-varying cutoff points only. To achieve this objective, we use a life-cycle model focusing on the extensive margin of labor supply (versus schooling when young, and versus retirement when old) and use the utility jump at retirement specification such that optimal schooling years and age of retirement are independent of productivity change. 36 We maintain an essential feature of the demographic approach that birth year is the only source of heterogeneity. For easy comparison, we apply the proposed method to an environment without immigration.
We provide quantitative analysis of cohort-specific schooling and retirement choices based on the behavioral model, and then obtain the EDDR by cross-sectional summation. To be as neutral as possible, we choose functional forms and parameter values commonly used in the literature. We then determine whether the conventional dependency ratio over-or under-projects, when compared with the behaviorally-based definition. We find that in the baseline model, out of an increase of conventional dependency ratio of 0.105 from 2010 to 2060, 0.09 (or 86%) is due to over-projection. Our analysis suggests that to the extent that people adjust schooling and retirement decisions in response to mortality decline, conventional dependency ratio which does not account for these responses may not measure accurately the impact of population aging in the coming decades. Our sensitivity analysis suggests that while the results are a bit sensitive to changes in one parameter (subjective discount rate ρ), they are relatively insensitive with respect to all other 4 parameters. Based on the 8 cases (ignoring changes in ρ), a high proportion (75% to 97%) of the increase of 0.105 in conventional dependency ratio from 2010 to 2060 is due to over-projection. 37 by incorporating behavioral response, rather than simply using a statistical formula based on remaining life expectancy. 36 For the reasons just elaborated, we do not consider the intensive margin of labor supply in this paper, but we are aware that any significant change in this aspect may also affect the economic resource dependency. One may extend the baseline model of this paper to examine the impact of demographic changes on both extensive and intensive margins of lifetime labor supply. In particular, it is interesting to examine whether increasing expected wealth of future cohorts, either due to productivity increase or longer life expectancy, may systematically affect their desirable (weekly or annual) work hours during the working phase. 37 The results support our earlier conjecture that the conventional dependency ratio may be quite misleading in measuring the impact of population aging when its pace is rapid.
While we think the proposed economic model provides a useful framework to examine whether or not the conventional dependency ratio measures the impact of rapid population aging accurately, two natural questions arise. They are: (a) how is our approach compared with others that are also based on economic concepts, such as the economic dependency ratio and NTA support ratio, and (b) whether the proposed model is the most appropriate one in describing people's behavior in this context. A comparison reveals that both the economic dependency ratio and the EDDR focus on dependency in terms of labor resources, while the NTA support ratio is defined more broadly, including transfer of financial resources from family members or the government. Moreover, the economic dependency ratio includes both intensive and extensive margins of labor supply, while our definition focuses only on the extensive margin. One advantage of our proposed definition is that by focusing on a key difference from the conventional dependency ratio, it offers the unique advantage of singling out the role of cohort-invariant cutoff points of the conventional dependency ratio in determining the magnitude of over-projection of the impact of population aging. To the best of our knowledge, this paper is the first to document the discrepancy between dependency ratios based on cohort-invariant and cohort-varying cut-off points. Another advantage is that we provide a simple modification of a standard life-cycle model. The underlying economic reasons are clear and transparent, and the results can easily be replicated. On the other hand, various economic factors are captured in the economic dependency ratio or NTA support ratio. As a result, it is harder to isolate the separate contributions of each one of the several factors involved. Generally, the various alternative definitions are complementary, with different approaches are useful in different circumstances. If we examine a broader set of issues, then either the economic dependency ratio and NTA support ratio may offer useful alternative answers.
Regarding the second question, a number of issues need to be followed up carefully. One issue is about human capital formation. Instead of assuming that it is accumulated by schooling only, one is interested to know by how much the results will change if we assume, as in Ben-Porath (1967) and Manuelli et al. (2012) , that human capital may (a) also be accumulated through on-the-job training, and (b) depreciate over time.
Finally, we want to close this paper with a reference to public policy. A key message of this paper is that demographic changes, by themselves, may not necessarily be problematic if people (and perhaps the government too) anticipate them appropriately in formulating their responses. However, people sometimes are not able to respond optimally to demographic changes, if existing policies are restrictive and/or provide inappropriate incentives.
and the flow budget constraint (3) can be written as
where I S (x) is an indicator function that takes the value of 1 if x ≤ S and 0 otherwise, and I W (x) is an indicator function that takes the value of 1 if S < x ≤ R and 0 otherwise. 38 It can be shown that the necessary first-order conditions for this dynamic optimization problem are
where η(x) is the co-state variable associated with the state variable. Solving these sets of equations, the optimal consumption path is characterized by:
(a) For x < R or x > R,
it can be shown that there is a discontinuous drop in consumption level at retirement, with lim
Combining (A1) and (A2) gives (5) in the main text. The intertemporal budget constraint at age 0 is given by
where the dependence of the consumption path on S and R is written explicitly. Substituting (5) into (A3) leads to (6) .
Differentiating (A3) with respect to S and R, respectively, we have
(A5) Conditional on the optimal consumption path (5), the second step is to obtain the first-order conditions for optimal years of schooling and age of retirement. After substituting (5) into the objective function (2), we define the objective function as a function of S and R:
Differentiating (A6) with respect to S and using (5) and (A4), we obtain
herefore, the first-order condition for S (
is given by (7). Differentiating (A6) with respect to R, we have
where MB R and MC R are given, after using (5) and (A5) to simplify, as follows:
Therefore, the first-order condition for R ( ∂V (S,R) ∂R = 0) is given by (8).
Appendix C
The standard Lee-Carter model is specified as follows:
where m x,t (x = 1, ..., Ω; t = 1, ..., T ) is the mortality rate at age x in year t; a x is a set of age-specific constants reflecting the general pattern of mortality by age; k t is a time-varying index of the general level of mortality; b x is a set of age-specific constants describing the responsiveness of mortality at age x to variations in the general level of mortality; and ε x,t is the error term at age x in year t, which is usually assumed to be homoscedastic over time. To obtain a unique solution, the Lee and Carter (1992) impose constraints that P x b x = 1 and P t k t = 0. We apply the Lee-Carter estimation procedures to annual life tables for the U.S. by year of birth from 1900 to 2000. The age-specific constants a x are obtained by taking the average of ln (m x,t ) over time: b a x = 1 T P t ln (m x,t ), where T = 101. The method of singular value decomposition (SVD) is then used to estimate b x and k t . The SVD decomposes the difference of matrix ln (m x,t ) and b a x into the product of three matrices, consisting of the age component, the singular values and the time component. 39 The vector of general level of mortality k t is obtained by two steps. The crude values of k t is initially derived from the first vector of the time component and the first singular value; in the same step, vector b x can be derived directly from the first vector of the age component. 40 Each crude k t is further refined by matching the fitted life expectancy at birth with the actual life expectancy for a given year (Lee and Miller, 2001 , p. 540). Standard ARIMA time series methods are used to model the refined k t series. 41 Since a x and b x are assumed to be time-invariant, the mortality rates and hence the survival probabilities beyond 2000 can be conveniently obtained by forecasting values of k t in the Lee-Carter model. 39 Let M be the Ω × T matrix such that its (x, t)-th element is ln (m x,t ) − b a x . The SVD of matrix M can be written as M = USV 0 , where U and V are orthogonal matrices, and S is a diagonal matrix containing singular values of M. Note that matrices M and S specified in this footnote are different from M and S (which are scalars and not in bold) in the main text. 40 After normalization, the formulae are given by:
, where s 1 is the largest singular value, and u x,1 and v t,1 are the elements of U and V defined in the previous footnote. 41 We use the random walk with drift specification, following Lee and Carter (1992) γ Free parameter in human capital function 0.076 SSR minimization subject to (20) , (21) 1 λ Free parameter in human capital function 0.913 SSR minimization subject to (20) , (21) σ Intertemporal elasticity of substitution 0.794 SSR minimization subject to (20) , (21) θ Utility gain from leisure during retirement 1.199 SSR minimization subject to (20) , (21) 
